Abstract. Let p be prime and let GF (p) be the finite field with p elements. In this note we investigate the arithmetic properties of the Gaussian hypergeometric functions 2 F 1 (x) = 2 F 1
Introduction
In [12] Greene initiated a study of Gaussian hypergeometric series over finite fields. He found that these series possess many properties that are analogous to their ordinary counterparts. In this paper we investigate the values of certain special Gaussian hypergeometric series and explore their number theoretic consequences.
Throughout this paper p is an odd prime. If n is an integer, then ord p (n) is the power of p dividing n, and if α = a b ∈ Q, then ord p (α) := ord p (a) − ord p (b). As usual, we let GF (p) denote the finite field with p elements, and we extend all characters χ of GF (p)
× to GF (p) by setting χ(0) := 0. Following Greene we let the appropriate analog of the binomial coefficient be a Jacobi sum. Specifically, if A and B are two characters of GF (p), then A B is defined by In this notation, we recall Greene's definition of a 'so-called' Gaussian hypergeometric series. 
Throughout this paper the prime p will always be clear from context, and we let χ denote a summation over all characters χ of GF (p).
We restrict our attention to the functions 2 F 1 φ, φ | λ and 3 F 2 φ, φ, φ , | λ where φ is the quadratic character and is the trivial one. For convenience we shall denote these values by 2 F 1 (λ) and 3 F 2 (λ). In [13, 17, 18] these special values were investigated in connection with congruence properties of generalized Apéry numbers, the arithmetic of certain special elliptic curves, and conjectured character sums. If I(t; p) denotes the character sum I(t; p) := x,y∈GF (p) φ(1 + x)φ(1 + y)φ(x + ty)φ(x)φ(y), then Evans, Pulham and Sheehan (see [11] ) conjectured that I(1; p) = φ(2)(3x 2 − 2y 2 ) = φ(2)(4x 2 − p) when p ≡ 1, 3 mod 8 and x and y are integers for which p = x 2 + 2y 2 . In [13] Greene and Stanton proved this conjecture by evaluating 3 F 2 (−1) for every prime p.
In section 3 we investigate the arithmetic properties of 2 F 1 (λ). Most of our results are deduced by expressing this value in terms of the trace of the Frobenius endomorphism on an elliptic curve in Legendre normal form. In section 4 we explore the arithmetic of 3 F 2 (λ) which we express in terms of the trace of the Frobenius endomorphism of another explicit elliptic curve. By finding all λ for which this curve has complex multiplication, we obtain analogous character sum evaluations for I 4 λ−4 ; p . In the case where λ = 8, we obtain the character sum in the Evans, Pulham, and Sheehan conjecture. These sums are given in section 5, where we also obtain congruences for generalized Apéry numbers.
Preliminaries
Let E = E/Q be the set of Q−rational points (x, y) satisfying the Weierstrass equation
where a i ∈ Q. The discriminant ∆(E) of the curve E is defined by the auxiliary constants Using this notation, the discriminant ∆(E) and the j−invariant j(E) of E are given by:
If ∆(E) = 0, then E is an elliptic curve. Throughout E will denote an elliptic curve over Q. By Mordell's theorem, the points of E, including the point at infinity, form a finitely generated abelian group. Specifically E is isomorphic to a group of the form E=Tor(E) × Z r , where Tor(E), the torsion subgroup of E, is a finite abelian group and r is a non-negative integer.
The Hasse-Weil L−function of E, denoted by L(E, s), is defined by examining the reductions E of E. If p is a prime of good reduction (i.e. p ∆(E)), then define the integer a(p) by
where N p is the number of points ofĒ rational over GF (p) (including the point at ∞). If E is given by y 2 = x 3 + Ax 2 + Bx + C where A, B, C ∈ Z, then for such p the integer a(p) is given by the character sum
If p|∆(E), then p is a prime of bad reduction, and a(p) = 0, ±1 depending on the nature of the singularity. The Hasse-Weil L−function for the elliptic curve is defined by:
If p is a prime for which E has good reduction, then the integer a(p) can be interpreted as the trace of the Frobenius endomorphism on E (see [15, 22] ). For our purposes, we will be interested in the arithmetic nature of these integers a(p) since it turns out that 2 F 1 (λ) and 3 F 2 (λ) are functions in a(p). Hasse proved that for every prime p
This is the 'so-called' Riemann hypothesis for elliptic curves. These integers possess some interesting congruence properties. Since the reduction map (x, y) → (x mod p, y mod p) is an injective map on Tor(E) when p is a prime of good reduction [p. 176; 22] , it follows that if | Tor(E) |= M, then M | N p . Therefore by (5) it is easy to see that (8) a(p) ≡ p + 1 mod M.
The curves with complex multiplication are the only such E for which there are simple formulas for the integers a(p). Moreover, the only values of j(E) for which E has complex multiplication are [p.83; 7] j(E) ∈ {1728, 66 3 , 20
We shall also be interested in those primes p for which a(p) = 0. These primes are the supersingular primes, and if E has complex multiplication, then the set of primes p for which a(p) = 0 has density 1 2 . In fact, if E has complex multiplication by the imaginary quadratic field Q( √ −d) and p is a prime of good reduction, then a(p) = 0 for every prime p where
However for an elliptic curve without complex multiplication, Elkies [7] proved that there are infinitely many such primes but the number of such primes < x is x 3 4 . Hence the set of supersingular primes for an elliptic curve over Q without complex multiplication has density zero.
One last idea we need regarding elliptic curves is the notion of a quadratic twist. Let E be an elliptic curve given by E :
where a, b, c ∈ Q. If D is a square-free integer, then the D−quadratic twist of E, denoted E D , is given by the equation
n s , then it turns out that if p is a prime for which both E and E D have good reduction and gcd(p, 6) = 1, then
In particular, for all but finitely many primes p, a(p) and a D (p) are equal up to a choice of sign.
Proposition 1. Let E be the elliptic curve with complex multiplication by Q(i) defined by
Moreover the q−series of the Mellin transform of L(E, s) is given by
Proof. If φ 2 (−1) is the Jacobsthal sum defined by
then the formula for a(p) follows by (6) from the well known formula [Ch. 6,2]
The fact that
2 is well known and can be found in [16, 19] . Remark 1. The elliptic curve y 2 = x 3 − x, and its quadratic twists are the elliptic curves which arise in Tunnell's analysis of the congruent number problem [16] .
Proposition 2. Let E be the elliptic curve with complex multiplication by Q( √ −3) defined by
Proof. If ψ 3 (1) is the Jacobsthal sum defined by
then the formula for a(p) follows by (6) from the well known result [Ch.6,2]
, and
is well known (see [19] ).
Special values of
Before we discuss the general case, we first give the evaluation of 2 F 1 (1) over every GF (p).
Proposition 3. If p is an odd prime, then the value of
Proof. By [Th. 4.9; 12], it is known that 2 F 1 (1) = φ(−1) φ φ . However by (1) this is may be
Now we investigate the values of 2 F 1 (λ) when λ = 1. For a rational number λ, let 2 E 1 (λ) denote the curve over Q defined by
If λ = 0 or 1, then by (3) and (4) 2 E 1 (λ) is an elliptic curve in Legendre normal form where
2 a 1 (n; λ) n s be the Hasse-Weil L−function for 2 E 1 (λ). With this notation we recall the following fact which was proved in [18] .
and p is an odd prime for which ord p (λ(λ − 1)) = 0, then
Proof. By [Th. 3.5; 13], 2 F 1 (λ) may be rewritten as the character sum
By replacing x by x λ we obtain
Since φ(λ 2 ) = 1, it is easy to see that
Since p is a prime with good reduction if ord p (λ(λ − 1)) = 0, the observation in (6) completes the proof.
The first corollary follows from Hasse's theorem and appears in [18] .
Corollary 1. If λ ∈ Q − {0, 1} and p is an odd prime for which ord p (λ(λ − 1)) = 0, then
Corollary 2. Let λ ∈ Q − {0, 1} and let p be an odd prime for which ord p (λ(λ − 1)) = 0.
(ii) If both λ and λ − 1 are perfect rational squares, then
(iii) In the remaining cases
Proof. The torsion subgroups of E(M, N ) :
• The torsion subgroup of E(M, N ) contains Z 2 × Z 4 if M and N are both squares, or −M and N − M are both squares, or if −N and M − N are both squares.
• The torsion subgroup of
• • In all other cases, the torsion subgroup of
If λ = α β , then by multiplying the equation for 2 E 1 (λ) by β 6 and replacing (β 2 x, β 3 y) by (x, y), we obtain an isomorphic curve
Now by letting M = −β 2 and N = −αβ, we find that in cases (i) and (ii) we find that Z 2 × Z 4 is contained in the torsion subgroup of E Q (M, N ).
It is not hard to show that in these cases that Z 2 × Z 8 is not the torsion subgroup of E Q (M, N ). Therefore in (i) and (ii) the torsion subgroup of E Q (M, N ) has order 8.
Moreover then in (iii) it is clear that the torsion subgroup of 2 E 1 (λ) is Z 2 × Z 2 , a group of order 4.
Since the reduction map is injective on the torsion subgroup, it follows that 8 divides the order of 2 E 1 (λ) in cases (i) and (ii), and that 4 divides the order of 2 E 1 (λ).
Therefore by (8) we find in cases (i) and (ii) that
and in case (iii) that
The congruences now follow easily from the facts that p −1 ≡ p mod 8 and φ(−1)p ≡ 1 mod 4 for all odd primes p.
Remark 2. By Corollary 2 it is easy to see that if λ ∈ Q − {0, 1} and p is an odd prime for which ord p (λ(λ − 1)) = 0, then 2 F 1 (λ) ≡ 0 mod 2. Now we evaluate the 2 F 1 (λ) when 2 E 1 (λ) has complex multiplication. Since there are only 13 j−invariants for elliptic curves with complex multiplication (9), it is easy to verify that λ = −1, 1 2 , and 2 are the only such values; moreover in these cases 2 E 1 (λ) is isomorphic to the congruent number elliptic curve
Theorem 2. Let λ ∈ {−1, Proof. By (12) we find that the elliptic curves 2 E 1 (−1), 2 E 1 1 2 , and 2 E 1 (2) are isomorphic to y 2 = x 3 − x. To see this simply replace x by x + 1 in 2 E 1 (2), and also x by x = x + From the proof of this theorem we obtain the following immediate corollary. Let c e (n) (resp. c o (n)) denote the number of four colored partitions of n into an even (resp. odd) number of distinct parts where the parts of the latter two colors are even. Note that two parts with the same numerical value are distinct if they have different colors. Then let c(n) be the partition function defined by (13) c(n) := c e (n) − c o (n). Proof. From the proof of the previous theorem it is known 2 E 1 (λ) is isomorphic to the elliptic curve:
The result now follows by Proposition 1, Theorem 2, and the fact that the generating function for c(n) is
In Theorem 2 it was shown that if λ ∈ {−1, Proof. For these λ, the elliptic curve 2 E 1 (λ) does not have complex multiplication. In [7] Elkies proved that every elliptic curve over Q without complex multiplication has infinitely many supersingular primes. Moreover the number of supersingular primes ≤ x is x 3 4 . However a prime p of good reduction is supersingular if and only if 2 a 1 (p; λ) = 0. Therefore the result now follows from Theorem 1.
Special values of
Before we prove the main theorem regarding the values of 3 F 2 (λ) for an arbitrary rational λ, we first evaluate 3 F 2 (1) which is a special case of a result of Evans [10].
Theorem 4. If p is an odd prime, then 3 F 2 (1) is given by
, and x ≡ 1 mod 2.
Proof. By [4.37; 12] it follows that
By (2) and the fact that φ is a square if and only if p ≡ 1 mod 4, we obtain
Hence we may assume that p ≡ 1 mod 4. Note that the two summands for 3 F 2 (1) in (14) are complex conjugates. So it suffices to compute the first summand which we denote by S. By definition we obtain
It is known [p.305; 14] that for an arbitrary character A that
J(A, φ) = A(4)J(A, A).
Therefore we find that J( φ, φ) = φ(4)J( φ, φ),
The last simplification follows from the fact that φ √ φ = √ φ. By combining these facts we find that
By [9.9.4; 14] we find that − φ(−1)J( φ, φ) = x + iy x 2 + y 2 = p, and x + iy ≡ 1 mod (2 + 2i). In particular note that this implies that x is odd. Hence we find that
Since 3 F 2 (1) = S +S, we obtain
Now we evaluate the remaining 3 F 2 (λ). For a rational number λ let 3 E 2 (λ) denote the curve over Q defined by
If λ = 0 or 4, then by (3) and (4) 3 E 2 (λ) is an elliptic curve over Q with discriminant ∆( 3 E 2 (λ)) := 1024λ 9 (λ − 4) and j−invariant
3 a 2 (n; λ) n s be the Hasse-Weil L−function for 3 E 2 (λ). Before we evaluate these Gaussian hypergeometric series, we first present a lemma. Lemma 1. Let λ ∈ Q and let p be an odd prime for which ord p (λ) = 0. Then
Proof. Using identity (2), the sum in the lemma may be reduced to
However by (1) this reduces to
which after switching the order of summation becomes
. Now by applying (2) again we find that the sum in the lemma is
. Now recall that the Binomial theorem (see [12] ) for a character A over GF (p) says that
where δ(x) = 1 (resp. 0) if x = 0 (resp. x = 0). Since 1 λx(1−x) = 0, this implies that
Therefore we may rewrite (17) as
Note that the latter sum includes x = 1 without loss of generality since φ(0) = 0. Replacing x by x+1 2 the sum becomes
The last simplification is made by multiplying through the cubic polynomial in x by λ 6 , a perfect square, and then replacing x by x λ 2 .
Theorem 5. If λ ∈ Q − {0, 4} and p is an odd prime for which ord p (λ(λ − 4)) = 0, then
Proof. Following Greene and Stanton [3.5; 13] we define the function f (x) by
If p is an odd prime and ord p (λ) = 0, then
Therefore by Lemma 1 we find that
However it is now easy to see by (6) that
The key identity [4.5; 12] is
By setting u = 4 λ (when λ = 0, 4), we obtain
By making the substitution for f Corollary 4. If λ ∈ Q − {0, 4} and p is an odd prime for which ord p (λ(λ − 4)) = 0, then
Corollary 5. If λ ∈ Q − {0, 4}, then let M be the order of the torsion subgroup of 3 E 2 (λ). If p is an odd prime for which ord p (λ(λ − 4)) = 0 and gcd(p, M ) = 1, then
Moreover for all odd primes p for which ord p (λ(λ − 4)) = 0
Proof. By (8), if p is an odd prime for which 3 E 2 (λ) has good reduction and gcd(p, M ) = 1, then 3 a 2 (p; λ) ≡ 1 + p mod M. Therefore by Theorem 5 it follows that
This completes the proof of the first assertion. To obtain the second claim we simply need to show that M is even. This is easy to see since the point (λ 2 , 0) is a point of order 2 on 3 E 2 (λ).
For these Gaussian hypergeometric functions, we find that 3 F 2 (λ) = 0 for at most a finite number of primes. In particular, if p is an odd prime for which ord p (λ(λ − 4)) = 0, then
4−λ = 0 implies that 3 a 2 (p; λ) 2 = p which is absurd since 3 a 2 (p; λ) is an integer.
Corollary 6. If λ ∈ Q − {0, 4} and p is an odd prime for which ord p (λ(λ − 4)) = 0, then
Now we give all the explicit evaluations for those cases where 3 E 2 (λ) has complex multiplication.
, and the only j−invariants for elliptic curves over Q with complex multiplication are given in (9), it is easy to verify that the only λ for which 3 E 2 (λ) has complex multiplication are λ = 
2 + y 2 = p, and x odd.
(iv) In this case λ = 3, j( 3 E 2 (3)) = 0, and so 3 E 2 (3) is an elliptic curve with complex multiplication by Q( √ −3). The equation for 3 E 2 (3) is
which after replacing x by x + 3 becomes
which by (10) is the −6-quadratic twist of y 2 = x 3 + 1. Therefore Proposition 2 and (11) (v) Using (20), we find that 3 F 2 1 4 = φ(−1) 3 F 2 (4), and so the result now follows from the proof of (iv). 
By (10) this is the 42-quadratic twist of an elliptic curve with conductor 49, and by the work of Rajwade [21] we find that (vii) As in the proofs of (ii) and (v), we find using (20) that 3 F 2 1 64 = φ(−1) 3 F 2 (64), and so the result follows from the proof of (vi). Remark 4. In the proof of Theorem 6 we did not have to explicitly compute the various It turns out that some of these special values also have a combinatorial interpretation in terms of colored partition functions. If we let d e (n) (resp. d o (n)) denote the number of four colored partitions of n into an even (resp. odd) number of distinct parts, then the partition function
Corollary 7. If p ≡ 1 mod 4 is prime, then
If p ≡ 1 mod 6 is prime, then 1, 1 ; x , a reasonable analog of the Gaussian 3 F 2 (x), can for special x be explicitly evaluated using the following special case of Clausen's theorem [4. 2, 12] and known evaluations which are listed in [8] . As examples, we list It is interesting to note that √ 2 and √ 3 occur in these evaluations which nicely corresponds to the fact that the associated Gaussian evaluations follow from the ideal structure in Q( √ −2) and Q(
, then obvious explicit analogs are unknown to the author, although D. Stanton has suggested methods for deriving them again using Clausen's theorem. However it is prudent to note that it is not truly clear what the proper notion of an analog should be. In general there will be problems with convergence, and perhaps some care must be taken when associating characters with rational numbers.
Number theoretic applications
First we investigate the character sums I(t; p) defined in the introduction. In [13] Greene and Stanton proved a conjecture of Evans, Pulham, and Sheehan by evaluating I(1; p) for every prime p. We solve the analogous problem for all t for which 3 E 2 4+4t t is an elliptic curve with complex multiplication. It seems extremely unlikely that there are any other values of t for which I(t; p) will be easily evaluated for all primes p. (ii)
if p ≡ 1 mod 3, and x 2 + 3y 2 = p.
, 4 mod 7, and x 2 + 7y 2 = p. The generalized Apéry numbers C(n) are defined by
We first recall a proposition proved by Koike [17] : Using the evaluations in this paper we obtain the following congruences for generalized Apéry numbers. These congruences were first proved by Beukers and Stienstra [3, 4, 5] . Koike proved these in [17] and the only difference in our proofs is that here we have all the explicit evaluations of the relevant hypergeometric functions. Proof. These congruences follow immediately from Proposition 4, Theorems 2, 4, and 6(iii).
Following Koike [17] , if p = 2f + 1 is prime, then Beukers and Stienstra proved congruences for these C(f ) which follow immediately from Theorem 6 (iv). Now we give some variations of such congruences which follow from the explicit evaluations given in Theorem 6. First we define another type of generalized Apéry number. 
